Abstract. We study Lorentzian wormholes in the ghost-free bigravity theory described by two metrics, g and f. Wormholes can exist if only the null energy condition is violated, which happens naturally in the bigravity theory since the graviton energymomentum tensors do not apriori fulfill any energy conditions. As a result, the field equations admit solutions describing wormholes whose throat size is typically of the order of the inverse graviton mass. Hence, they are as large as the universe, so that in principle we might all live in a giant wormhole. The wormholes can be of two different types that we call W1 and W2. The W1 wormholes interpolate between the AdS spaces and have Killing horizons shielding the throat. The Fierz-Pauli graviton mass for these solutions becomes imaginary in the AdS zone, hence the gravitons behave as tachyons, but since the Breitenlohner-Freedman bound is fulfilled, there should be no tachyon instability. For the W2 wormholes the g-geometry is globally regular and in the far field zone it becomes the AdS up to subleading terms, its throat can be traversed by timelike geodesics, while the f-geometry has a completely different structure and is not geodesically complete. There is no evidence of tachyons for these solutions, although a detailed stability analysis remains an open issue. It is possible that the solutions may admit a holographic interpretation.
scribed by two metrics, g and f. Wormholes can exist if only the null energy condition is violated, which happens naturally in the bigravity theory since the graviton energymomentum tensors do not apriori fulfill any energy conditions. As a result, the field equations admit solutions describing wormholes whose throat size is typically of the order of the inverse graviton mass. Hence, they are as large as the universe, so that in principle we might all live in a giant wormhole. The wormholes can be of two different types that we call W1 and W2. The W1 wormholes interpolate between the AdS spaces and have Killing horizons shielding the throat. The Fierz-Pauli graviton mass for these solutions becomes imaginary in the AdS zone, hence the gravitons behave as tachyons, but since the Breitenlohner-Freedman bound is fulfilled, there should be no tachyon instability. For the W2 wormholes the g-geometry is globally regular and in the far field zone it becomes the AdS up to subleading terms, its throat can be traversed by timelike geodesics, while the f-geometry has a completely different structure and is not geodesically complete. There is no evidence of tachyons for these solutions, although a detailed stability analysis remains an open issue. It is possible that the solutions may admit a holographic interpretation.
Introduction
Lorentzian wormholes are hypothetical field-theory objects describing bridges connecting different universes or different parts of the same universe. They could supposedly be used for momentary displacements over large distances in space. In the simplest case, a wormhole can be described by a static, spherically symmetric line element
where Q(r) = Q(−r) and R(r) = R(−r), both Q and R are positive, and R attains a non-zero global minimum at r = 0. If both Q and R/r approach unity at infinity, then the metric describes two asymptotically flat regions connected by a throat of radius R(0). Using the Einstein equations G (1.
2)
It follows that for the wormhole to be a solution of the Einstein equations, the matter should violate the null energy condition (T µν v µ v ν ≥ 0 for any null v µ ). This shows that wormholes cannot exist in ordinary physical situations where the energy conditions are fulfilled.
However, it was emphasized [1, 2] that wormholes could in principle be created by the vacuum polarization effects, since the vacuum energy can be negative. This observation triggered a raise of activity (see [3] for a review), even though the wormholes supported by the vacuum effects are typically very small [4, 5] and cannot be used for space travels. Another possibility to get wormholes is to consider exotic matter types, as for example phantom fields with a negative kinetic energy [6] [7] [8] . Otherwise, one can search for wormholes in the alternative theories of gravity, as for example in the theories with higher derivatives [9, 10] , in the Gauss-Bonnet theory [11] [12] [13] [14] , in the brainworld models [15] , or in the Horndeski-type theories [16] with non-minimally coupled fields [17] [18] [19] [20] .
A particular case of the Horndeski theory is the Galileon model [21] , which can be viewed as a special limit of the ghost-free massive gravity theory [22] . This latter theory has recently attracted a lot of attention (see [23, 24] for a review), because it avoids the long standing problem of the ghost [25] and could in principle be used to describe the cosmology. In particular, it admits self-accelerating cosmological solutions and also black holes (see [26, 27] for a review). At the same time, wormholes with massive gravitons have never been considered. To fill this gap, we shall study below wormholes within the ghost-free bigravity theory.
The ghost-free bigravity [28] is the extension of the massive gravity theory containing two dynamical metrics, g µν and f µν . They describe two gravitons, one massive and one massless, and satisfy two coupled sets of Einstein's equations,
where T µ ν and T µ ν are the graviton energy-momentum tensors. What is interesting, these tensors do not apriori fulfil the null energy condition [29] , which suggests looking for wormhole solutions 1 . There are two possible ways to interpret the two metrics in the theory. One possibility is to view them as describing two geometries on the spacetime manifold. Each geometry has its own geodesic structure, and in principle one could introduce two different matter types -a g-matter that follows the g-geodesics and does not directly see the f-metric, and an f-matter moving along the f-geodesics. However, it is not always possible to put two different geometries on the same manifold, and in fact we shall present below solutions for which the spacetime manifold is geodesically complete in one geometry but is incomplete in the other. We shall therefore adopt the viewpoint according to which only the g µν describes the spacetime geometry, while the f µν is a spin-2 tensor field whose geometric interpretation is possible but not necessary.
In what follows we shall study the wormhole solutions in the system (1.3). It turns out that such wormholes exist and are gigantic, with the throat size of the order of the inverse graviton mass, which is as large as the universe. Therefore, if the bigravity theory indeed describes the nature, we might in principle all live in a giant wormhole. We find wormholes of two different types that we call W1 and W2. For the W1 solutions both metrics interpolate between the AdS spaces, and the g-geometry is either globally regular (the W1a subcase) or it exhibits Killing horizons shielding the throat (the W1b subcase). The Fierz-Pauli graviton mass computed in the AdS far field zone turns out to be imaginary, so that the gravitons behave as tachyons. For the W1a solutions the graviton mass violates the Breitenlohner-Freedman (BF) bound, hence these solutions must be unstable, but for the W1b solutions the bound is fulfilled, which suggests that the tachyon instability is absent. For the W2 solutions the g-metric is globally regular and in the far field zone becomes the AdS up to subleading terms, while the fgeometry has a completely different structure and is not geodesically complete. There is no evidence of tachyons for these solutions, although a detailed stability analysis remains an open issue in all cases. It is possible that the solutions may admit a holographic interpretation.
The rest of the paper is organized as follows. In section 2 we introduce the ghostfree bigravity theory, whose reduction to the spherically symmetric sector is given in section 3. The master field equations and their simplest solutions are presented in sections 4 and 5. The local solutions in the wormhole throat are obtained in section 6, while section 7 presents the global solutions. The geometry of the solutions, their global structure, geodesics, etc, are considered in section 8. Other properties of the solutions, in particular their stability, are briefly discussed in the final section 9.
The ghost-free bigravity
The theory is defined on a four-dimensional spacetime manifold endowed with two Lorentzian metrics g µν and f µν with the signature (−, +, +, +). The action is [28] 
where m is the graviton mass and the two gravitational couplings fulfill κ 1 + κ 2 = 1. The metrics and all coordinates are assumed to be dimensionless, with the length scale being the inverse graviton mass 1/m. The interaction between the two metrics is expressed by a scalar function of the tensor
where g µν is the inverse of g µν and the square root is understood in the matrix sense, i.e.
(γ 2 )
If λ A (A = 0, 1, 2, 3) are the eigenvalues of γ µ ν then the interaction potential is
where b k are parameters, while U k (γ) are defined by the relations
Here, using the hat to denote matrices, one has defined
The two metrics actually enter the action in a completely symmetric way, since the action is invariant under
The parameters b k can apriori be arbitrary, but if one requires the flat space to be a solution of the theory and m to be the Fierz-Pauli mass of the gravitons in flat space, then the five b k are expressed in terms of two arbitrary parameters, sometimes called c 3 and c 4 , as
Varying the action (2.1) with respect to the two metrics gives two sets of the Einstein equations (1.3), where T 
The Bianchi identities for the Einstein equations imply that ∇ρ are the covariant derivatives with respect to g µν and f µν . We consider the vacuum theory, but one could also add a matter. The equivalence principle and the absence of the ghost require the matter to be coupled to one of the two metrics but not to both of them at the same time. One could also introduce a g-matter for the g-metric and an f-matter for the f-metric. This is important in what follows: test g-particles will follow geodesics of the g-metric and will not directly feel the f-metric.
Spherical symmetry
Let us choose both metrics to be spherically symmetric,
where Q, ∆, R, q, W, U depend on the radial coordinate r and dΩ 2 = dϑ 2 + sin 2 ϑdϕ 2 . In this case the tensor γ µ ν in (2.2) becomes
The formulas (2.8) then give
where
Here u = U/R and
As one can see, the energy-momentum tensors do not apriori fulfill any positivity conditions. The independent field equations are 6) plus the conservation condition (g) ∇µ T µ ν = 0 , which has only one non-trivial component,
The conservation condition for the second energy-momentum tensor also has only one non-trivial component, 8) but this condition is not independent and actually follows from (3.7). As a result, there are 5 independent equations (3.6),(3.7), which is enough to determine the 6 field amplitudes Q, ∆, R, q, W, U, because the freedom of reparametrizations of the radial coordinate r →r(r) allows one to fix one of the amplitudes.
Field equations
Let us introduce new functions
in terms of which the two metrics read
The advantage of this parametrization is that the second derivatives disappear from the Einstein tensor, and the four Einstein equations (3.6) become
3)
The conservation condition (3.7) reads
and using Eqs.(4.5),(4.6), this reduces to
The conservation condition (3.8) becomes
The two conditions (4.8) and (4.11) together require that either U ′ = R ′ = 0, in which case both metrics are degenerate, or that
As a result, we obtain the four differential equations (4.3)-(4.6) plus the algebraic constraint (4.12). The same equations can be obtained by inserting the metrics (4.2) directly to the action (2.1), which gives
where, dropping the total derivative,
Varying L with respect to N, Y, Q, q gives Eqs.(4.3)-(4.6), while varying it with respect to R, U reproduces conditions (4.8) and (4.11). The equations and the Lagrangian L are invariant under the interchange symmetry (2.6), which now reads
Equation (4.3)-(4.6) contain U ′ , but so far the expression for U ′ is missing. To obtain it, the only way is to differentiate the constraint, which gives 
This equation and Eqs.(4.3)-(4.6) comprise together a closed system of five differential equations for five variables N, Y, Q, q, U. The R-amplitude is determined by fixing the gauge, for example R = r or R ′ = N. One can integrate the five differential equations by imposing the constraint C = 0 only on the initial values, and then it will be fulfilled everywhere.
Alternatively, one can integrate only the four equations (4.3)-(4.6) assuming that U ′ in their right hand side is given by (4.17), while U is obtained by resolving the constraint.
Yet one more possibility is to use the fact that the constraint is linear in Q, q. Therefore, it can be resolved with respect to q, 19) and when their solution is known, the amplitude Q is obtained from equation (4.5) which assumes the form
Simplest solutions
Some simple solutions of the field equations can be obtained analytically [32] , [33] . They can be of two different types described below in this section. They are not of the wormhole type, but the wormholes constructed in the next sections approach these solutions in the far field zone.
Proportional backgrounds
Let us choose the two metrics to be conformally related [32] , [33] ,
with a constant λ. This implies that
This also implies that P m = P m (λ) are constant. Imposing the Schwarzschild gauge, R ′ = 1, the field equations (4.3)-(4.6) and the constraint (4.12) reduce to
and to the condition for λ,
This is an algebraic equation which can have up to four real roots. Choosing a root λ, the solution of (5.3) is
where M is an integration constant. Depending on value of Λ(λ), this corresponds either to the Schwarzschild or to Schwarzschild-(anti)-de Sitter geometry. If the parameters b k are chosen according to (2.7), then the equation (5.4) always has a root λ = 1, in which case Λ(λ) = 0.
Deformed AdS
Let us set in the equations 
whose solution is
where M, A, Y 0 are integration constants. Interestingly, these expressions can describe a wormhole geometry, because if b 0 < 0 then N 2 → +∞ for R → ∞, while the constant M can be chosen such that N 2 vanishes at R = h and N 2 > 0 for R > h. Introducing the radial coordinate
and setting in (5.7) A = 0, the g-metric becomes
where R(r) = h+ αr 2 + . . . with α > 0 and Q(r) = Q(0) + O(r 2 ). This is the wormhole geometry. Unfortunately, Eq.(5.7) does not describe an exact solution, because the constraint C = 0 is not fulfilled and so the conservation condition (4.11) for the fmetric is not satisfied. However, the leading terms in Eq.(5.7) describe the asymptotic form of a more general solution whose amplitudes U, q are not identically constant but approach constant values at large R. Specifically, expanding the field equations at large R, one finds the following asymptotic solution,
where Λ = −κ 1 b 0 < 0, one can see that the g-metric is the AdS in the leading order, but the subleading terms do not have the AdS structure.
We shall see below that the wormholes approach for R → ∞ either the proportional AdS solutions (5.2),(5.4),(5.5) or the deformed AdS solutions (5.9). We shall call these wormholes, respectively, type W1 and type W2.
Wormholes -local behavior
Since we are unable to obtain the wormhole solutions analytically, we resort to the numerical analysis. As a first step, we impose the reflection symmetry. Let us return for a moment to the parametrization (3.1) and require the two metrics to be symmetric under r → −r,
Passing then to the parametrization (4.1), it follows that the functions N, Y defined by (4.1) should be antisymmetric,
This suggests a local power-series solution around r = 0,
Here h = R(0) is the radius of the wormhole throat measured by the first metric, and σ = U(0)/R(0) is the ratio of the throat radii measured by the two metrics. From now on we shall adopt the gauge condition 4) which implies that 5) so that r is the proper distance measured by the g-metric. The next step is to impose the field equations to determine the coefficients in (6.3). To begin with, one notices that when inserting (6.3) to Eqs.(4.3)-(4.6), (4.12) and expanding the result over r, the leading terms are given by Eqs.(4.5),(4.6) which contain a pole in the right hand side due to the terms
For the equations to be fulfilled in the leading order, the coefficient in front of the pole should vanish, which imposes the conditions
with P m = P m (σ) = b m + 2b m+1 σ + b m+2 σ 2 . These two linear equations will have a non-trivial solution if only their determinant vanishes. Therefore, one requires that
If this condition is fulfilled then the solution of (6.6) is q 0 = αQ 0 (6.8)
The value of Q 0 is irrelevant, as it can be changed by rescaling the time, hence we set Q 0 = 1. Eq.(6.7) plays the key role in our analysis and provides the necessary condition for the wormholes to exist. For a given h, this is a fourth order algebraic equation for σ. If we assume for a moment that the parameters b k are given by (2.7) with c 3 = c 4 = 0, then the equation becomes quadratic and gives
This expression, assuming both κ 1 and κ 2 to be positive, will be real-valued if the square root is real, which requires that h ≥ 1/ √ 3. Since h is measured in unites of 1/m, which is of the order of the Hubble radius, it follows that the wormholes are gigantic, as large as the universe.
Let us return to the expansion of the equations over r. Having removed the r 
These relations can be used to express R 2 = N 1 /2 and U 2 in terms of Y 1 , while Eqs.(4.5),(4.6) considered in the r 1 order provide similar expressions for Q 2 and q 2 . Altogether this gives 12) whereas the value of Y 1 is fixed by the constraint (4.12),
. (6.13)
Continuing this process would allow one to recurrently determine all higher order coefficients in the expansions (6.3). For example, in the next two orders Eqs.(4.3)-(4.6) determine R 4 , Q 4 , Q 4 , q 4 in terms of Y 3 , while the latter is determined by the constraint. For given values of the couplings κ 1 , κ 2 and b k , the only free parameter in the expansions is the wormhole radius h, all other coefficients being fixed by the equations. Therefore, the wormholes are characterized by only one continuous parameter, their size h. However, since the algebraic equation (6.7) can have several roots, there could be several different wormholes with the same radius h. It is worth noting that the expressions in (6.12),(6.13) still exhibit the interchange symmetry (4.15), even though this is not completely obvious now, when the gauge is fixed. Indeed, our gauge choice is g rr = 1, whereas directly interchanging the metrics would give the solutions in the different gauge, where f rr = 1. Let us introduce the radial coordinate 14) so that the derivative of a function f with respect to z at r = z = 0 is
If one interchanges the two metrics, one will have f
Since N ↔ Y , R ↔ U and Q ↔ q, it follows that the coefficients in (6.12),(6.13) should fulfill the relations 15) and similarly for Q 2 and q 2 . Here the underlined expressions should be evaluated for the interchanged parameter values: κ 1 ↔ κ 2 and b k ↔ b 4−k . A straightforward verification shows that the expressions (6.12),(6.13) indeed fulfill the relations (6.15).
Wormholes -global solutions
Skipping the important issue of convergence of the power series in (6.3), the above results indicate that the wormhole solutions exist at least locally, in the throat. The next step is to construct them globally. To this end, we extend the local solution (6.3) towards large values of r numerically, using the standard integration procedure described in [34] . Our results are as follows. Choosing some values for the parameters κ 1 , κ 2 and b k , it turns out that the local solution (6.3) extends to the whole interval r ∈ [0, ∞) only for narrow sets of values of h. These latter are selected by the condition that σ determined by (6.7) is real. In addition, the second derivative R ′′ (0) = 2R 2 should be positive, since otherwise R(r)
vanishes at a finite value of r. Finally, even if these two conditions are fulfilled, the solution may exhibit a singularity at a finite proper distance away from the throat at a point where the derivatives U ′ or Y ′ diverge. However, all these problems can be avoided (for some parameter values) by adjusting the throat radius h.
For properly chosen values of h the solution extends up to large r and approaches for r → ∞ either the proportional AdS background or the deformed AdS background described in Section 5. According to their asymptotic behavior, we shall call these wormholes, respectively, either type W1 or type W2.
Type W1 wormholes
For these solutions the two metrics in the far field zone become proportional to each other and approach the proportional AdS background described in Section 5. However, before reaching this asymptotic, either Q or q or both change sign. If only one of these amplitudes vanishes, then we say that the solution is of type W1a. If both Q and q flip sign, then the solution is called type W1b. In Fig.1 we present an example of the W1a solution obtained by choosing
and with b k = b k (c 3 , c 4 ) given by (2.7). The g-metric shows the wormhole throat and is globally regular, for large r the whole solution approaching the proportional AdS background with f µν = λ 2 g µν . To see this, we notice that assuming the values (7.1), Eq.(5.4) gives three possible options for the proportionality parameter λ,
with the corresponding values of the cosmological constant
The numerical solution chooses the last of these three options as the asymptotic. Indeed, the ratio U/R shown in Fig.1 approaches at large r precisely the value λ 3 , as does the ratio q/Q, while the ratio Y /N (with N = R ′ ) approaches the unit value. All this agrees with Eq.(5.2). Next, according to (5.5), the amplitude N 2 should approach the AdS value N 2 0 = 1 − Λ(λ 3 )R 2 /3, and indeed the ratio N/N 0 approaches unity, as seen in Fig.1 . Finally, the ratios Q/R and q/R should approach constant values, which is indeed the case.
The amplitude Q is everywhere positive, but q changes sign at some point, so that the metric coefficient f 00 = −q 2 develops a double zero. This corresponds to a Killing horizon of the f-geometry and, as we shall see below, the curvature diverges at the horizon. At the same time, nothing special happens to the g-metric at the point where q vanishes. The g-geometry is everywhere regular and interpolates between two AdS asymptotics as r varies from −∞ to +∞, passing at r = 0 through the wormhole throat of size h. The test particles of a g-matter coupled to the g-metric will therefore see a regular wormhole.
It is possible that for some special parameter values there could be solutions for which both Q and q are sign definite, but we could not find them. On the contrary, we find solutions for which both Q and q change sign, so that both g and f geometries exhibit Killing horizons. The g-horizons and the f-horizons are generically located at different points, because they are singular, for if they were regular they would coincide to each other [35] . An example of the W1b solution obtained for the parameter values
is shown in Fig.2 . Notice that κ 2 < 0 in this case. Since their both metrics show singular horizons, one could think that the W1b solutions are less interesting as compared to the W1a ones. However, we shall see below that the W1a solutions are prone to the tachyon instability, whereas the W1b solutions seem to be free of this problem.
Type W2 wormholes
For these solutions both metrics are globally regular and the g-geometry describes a wormhole, but the f-geometry is completely different. An example of such a solution is shown in Fig.3 for the parameter values For these solutions the amplitudes U and q approach asymptotically constant values U ∞ and q ∞ . The asymptotic behavior of the solutions is described by Eq.(5.9), which is seen from the fact that the ratios N/N ∞ , Y /Y ∞ , and Q/Q ∞ approach unity, with N ∞ , Y ∞ , Q ∞ defined in (5.9). After a time reparametrization with a constant scale factor, the g-geometry in the far field zone is described by where in the leading O(R 2 ) order the Q, N amplitudes coincide with each other and with the corresponding amplitude for the AdS geometry for the negative cosmological constant Λ = κ 1 b 0 ,
However, already in the first O(R) subleading order the amplitudes Q and N are no longer the same and deviate from the AdS value. The f-geometry in the asymptotic region is expressed by Eq.(8.17) below and corresponds to a direct product M (1,1) × S 2 . We did not find other global solutions than those of the described above types W1 and W2. For generic values of the parameters κ 1 , κ 2 , c 3 , c 4 , h we either do not find any solutions at all or obtain singular solutions. If the parameters are properly chosen and the solutions exist and extend to large values of r, then they are always found to be either W1 or W2. In addition, due to the symmetry (4.15), there are also solutions for which the two metrics are interchanged. A systematic study of the topography of the parameter space to identify all parameter values for which the solutions exist is a time consuming task that we leave for a future project.
Geometry of the solutions
Let us consider the geometry of the solutions and its global structure, in order to see if the wormholes are traversable or not.
Type W1a wormholes
Let us first consider solutions of the type shown in Fig.1 . One can represent the 2D part of the g-metric as
Here r ∈ (−∞, +∞) is the proper distance, while the conformal radial coordinate
changes within a finite interval, ρ ∈ (−ρ ∞ , ρ ∞ ). The lightlike geodesics are the same in the ds 2 g and ds 2 geometries. Using the Hamilton-Jacobi equation, the radial timelike geodesics followed by particles of mass µ are described by
where E is the particle energy. Dropping the conformal factor Q 2 in (8.1) leads to the conformal diagram of the g-geometry in the t, ρ coordinates shown in Fig.4 . The central part of the diagram, ρ = 0, is the position of the throat around which timelike geodesics oscillate. As is seen in Fig.4 , the effective potential Q 2 has a minimum at the throat position, so that the throat attracts the particles. The maximal and minimal values of the radial coordinate, ±ρ ∞ , correspond to the position of the conformal timelike boundary, which is at an infinite proper distance away from the throat. Timelike geodesics are trapped by the confining potential and cannot reach the boundary, while null geodesics (µ = 0) reach it in a finite coordinate time t but in an infinite affine time. As a result, the g-geometry is geodesically complete. All this is very similar to the properties of the AdS geometry, apart from the fact that the boundary consists now of two components, J + and J − . The conclusion is that timelike geodesics traverse the wormhole and oscillate around the throat.
Type W1b wormholes
Let us consider the g-geometry shown in Fig.2 . The specialty now is that the amplitude Q vanishes at r = r ± , where r − = −r + , so that Q is positive for r ∈ (r − , r + ) and is negative otherwise. The 2D part of the metric can be expressed as
where the ρ-coordinate is defined by (8.2) for r ∈ (r − , r + ), otherwise one has
This determines three coordinate regions: 6) and in the last two regions ρ changes in the opposite directions, so that ρ = 0 corresponds to r = ±∞. In the region A one has ρ ± t ≡ tan(u ± ) ∈ (−∞, ∞), so that 
where u ± ∈ (−π/2, π/2). Therefore, the A region is conformally equivalent to the diamond in the (u + , u − ) plane shown in Fig.5 . The vertical symmetry axis of the diamond corresponds to the throat position, ρ = r = 0. In the B ± regions one has either ρ > 0 or ρ < 0, hence conformal images of these regions can be obtained by cutting the diamond and keeping either only its right or only its left triangular part, as shown in Fig.5 . The vertical ρ = 0 side of the triangles then corresponds either to r = ∞ or to r = −∞, which is the position of the timelike AdS boundary. The null boundaries of the A, B ± regions are the Killing horizons. They correspond to ρ = ±∞ but they can be reached by timelike geodesics in a finite proper time. Specifically, the radial timelike geodesics are described by equation (8.3) which can be represented in the equivalent form
where τ is the proper time. Let us denote x = r − r + . The amplitude Q has a simple zero at r = r + and close to this point one has Q = αx + O(x 2 ) with a constant α, in which case Eq.(8.8) yields
where τ 0 is an integration constant. This shows that starting in the A region where x < 0, the geodesics arrive at the boundary where x = 0 at a finite moment of the proper time, τ = τ 0 . Therefore, the A region is geodesically incomplete and the geodesics arrive at its null boundary in a finite proper time. The same applies to the regions B ± . However, it turns out that the boundaries of the regions -the Killing horizons, are singular since the curvature diverges there. Introducing the orthonormal tetrad consisting of the vectors
the following tetrad components of the curvature do not vanish (with
Since Q ∝ x at the horizon, the components
although this divergence is relatively mild and only leads to finite relative deviations of the neighboring geodesics, and hence to finite tidal deformations. This can be seen by using the equation of the geodesic deviation and integrating over the proper time τ . However, the component R 0101 = Q ′′ /Q also diverges since Q ′′ = 0 when Q → 0, hence even the 2D metric ds 2 g = −Q 2 dt 2 + dr 2 is singular, even though it reduces in the leading order to the flat Rindler metric ds
Therefore, every radial geodesic approaching the horizon hits the curvature singularity.
One can nevertheless try and extend the geodesics beyond the horizon in a continuous way, which would allow one to construct a Kruskal-type extension of the metric, although only within the C 0 class. Geodesics of the extended metric, after having crossed the horizon, enter a "T-region" where the x 2 in Eq.(8.9) formally becomes negative, because space and time interchange their role and the metric becomes
Since r becomes the timelike coordinate, this metric describes not the static wormhole but rather a dynamical cosmology, a minimum of R(r) then corresponding not to the wormhole throat but rather to something like a cosmological bounce. A knowledge of such solutions would allow one to construct a maximal extension of the spacetime geometry in order to find out if the wormhole can be traversed by geodesics or not. However, solutions in the T-regions are presently not known. In addition, the maximal extension would only be continuous and not differentiable due to the singular nature of the horizons (if there are solutions for which Q ′′ vanishes at the horizon then their extension would be at least C 2 ). We therefore do not pursue this line anymore and leave the problem of constructing a maximal extension for the W1b wormhole geometry for a future project.
Type W2 wormholes
Let us now consider solutions of the type shown in Fig.3 . The g-geometry is globally regular and far away from the throat is described by Eq.(5.9), so that in the leading order it approaches the AdS metric with the cosmological constant Λ = −κ 1 b 0 < 0. As a result, the structure of the g-geometry is essentially the same as for the type W1a solutions. The metric can be cast to the form (8.1), where the conformal coordinate ρ is defined by (8.2) and changes within a finite interval, ρ ∈ (−ρ ∞ , +ρ ∞ ). This gives the conformal diagram shown in Fig.6 , which is similar to that in Fig.4 . The timelike geodesics are described by (8.3), whose potential Q 2 is shown in Fig.6 . The wormhole throat is repulsive, and in addition there is an infinite repulsive barrier at the timelike boundary. As a result, particles with E < µ oscillate between the throat and the boundary, while those with E > µ traverse the throat and oscillate between the right and left boundaries, as shown in Fig.6 .
Let us now consider the f-geometry. Far away from the throat it is described by Eq.(5.9), so that one has asymptotically
with a constant U ∞ . Let us represent the metric as
This radial coordinate changes within a finite range, ρ ∈ (−ρ ∞ , ρ ∞ ), because at large r one has in view of (8.13) dρ ∝ dR/R 4 , therefore the integral in (8.15) converges at the upper limit to a finite value ρ ∞ . The radial geodesics of the f-metric obey
As is seen in Fig.3 , the q amplitude interpolates between q(0) and q ∞ . Therefore, for large enough E there are geodesics which cross the whole range of ρ and arrive at ρ = ±ρ ∞ in a finite proper time. When ρ → ±ρ ∞ the geometry becomes 17) which is completely regular. As a result, nothing prevents the f-geodesics from extending beyond the values ρ = ±ρ ∞ . Hence, from the f-geometry viewpoint, the manifold corresponding to the interval ρ ∈ (−ρ ∞ , ρ ∞ ) is geodesically incomplete, so that the fgeometry could be extended beyond this interval. However, as far as the g-geometry is concerned, the manifold is complete, because the limiting values ρ = ±ρ ∞ correspond to the AdS boundary. We therefore have a peculiar situation where the same manifold is complete in one geometry but is incomplete in the other. One could in principle try and extend the manifold by integrating the equations beyond ρ = ±ρ ∞ until the f-geometry is complete. However, the additional parts of the manifold obtained in this way would then be g-geodesically disconnected from the original wormhole, because the latter is already g-complete. We therefore adopt the viewpoint that only the g-metric describes the spacetime geometry, while the f-metric should be viewed as a spin-2 tensor field whose geometric interpretation is possible but not necessary.
Concluding remarks
The above analysis gives strong (numerical) evidence in favor of the existence of wormholes in the bigravity theory. These wormholes are very large, with the throat radius of the order of the inverse graviton mass, and they can be of two principal types, which we call W1 and W2. The W1 wormholes are asymptotically AdS. This feature can be understood by noting that the AdS space is an attractor at large r, which means the following. The solutions can be obtained by integrating the system of three first order equations (4.19) for N(R), Y (R), U(R). At large R the solutions approach the AdS values, so that 
where, for the parameter values in (7.1), one finds ω = 2.068. The three different values of s correspond to three independent solutions, all of them approaching zero as R → ∞. Therefore, the stable manifold around the AdS fixed point is three-dimensional, so that solutions of the three-dimensional system (4.19) generically run into this fixed point, which is why this is an attractor. For comparison, the flat space is not an attractor since the stable manifold around it is only two-dimensional and the solutions miss it, hence they are not asymptotically flat (probably not even in exceptional cases; see below). Eq.(9.2) determines the deviation from the AdS asymptotic,
where M, A, α are integration constants. The first term on the right here is the contribution of the massless graviton, while the second term is the effect of the scalar polarization of the massive graviton. The embarrassing observation is that the massive contribution oscillates (this is confirmed by the numerics) since s given by (9.2) has a non-vanishing imaginary part ω. This indicates that the mass is imaginary. Indeed, the Fierz-Pauli graviton mass for fluctuations around the proportional AdS background is given by (in units of m) [33]
For λ = 0.358 this gives m 2 FP = −0.37, hence the gravitons indeed behave as tachyons. The value of the graviton mass actually agrees with the value of ω given above, which can be seen by noting that the scalar graviton behaves as a scalar field. On the other hand, a static, spherically symmetric scalar field of mass µ on the AdS background decays asymptotically as R s with
Setting here µ = 0 and choosing the minus sign yields s = −3, while setting µ 2 = m 2 FP = −0.37 yields s = −3/2 ± 2.068 × i. This reproduces precisely the values in (9.2).
At the same time, one should stress that the very existence of tachyons in the AdS space is not necessarily a bad feature, as long as their mass squared exceeds the BF bound m Λ (the mass for which the square root in (9.5) vanishes), in which case they do not produce an instability [36] . However, for the W1a solution shown in Fig.1 so that the BF bound is fulfilled, therefore the tachyon instability should be absent. This does not immediately imply that the W1b solutions are stable. However, since they do not suffer from the most dangerous instability, there is a chance that they could be stable, which however can only be decided after a special analysis. Let us finally consider the W2 wormholes. They do not approach the proportional background and so it is less clear [33] how to compute the Fierz-Pauli mass. However, the linearization of the field equations around the asymptotic values, similar to that described by Eq.(9.1), gives for the deviations ν, ξ, χ power law solutions with real powers. Therefore, there is no evidence for tachyons, so that the W2 solutions could perhaps be stable. It should however be again emphasized that in all cases a detailed stability analysis remains an open issue.
The tachyons [30, 31] and superluminal waves [37] [38] [39] were previously detected in the massive gravity theory with a fixed f-metric. Their existence does not necessarily mean that the theory is ill-defined but rather shows that it can have unphysical solutions. It seems that in the bigravity theory the situation is similar -solutions can be physical and unphysical [40] . The described above W1a wormholes apparently belong to the latter category because they show tachyons and are unstable. One should also say that the solutions may admit a holographic interpretation, similarly to the massive gravity solutions used in the holographic conductivity models [41, 42] .
It is instructive to compare the wormholes and black holes [32] . In both cases one can use the Schwarzschild coordinate, ds 2 g = −Q 2 dt 2 + dR 2 /N 2 + R 2 dΩ 2 . For black holes both N 2 and Q 2 vanish at R = h (horizon), while for wormholes N 2 vanishes at R = h (throat) but Q 2 does not. The bigravity black holes [32] are characterized by two independent values, h and σ = U(h)/h, and they can be obtained by integrating Eqs. (4.19) for N(R), Y (R), U(R) with the boundary condition N(h) = Y (h) = 0. The equation Q ′ = F Q (Eq.(4.20)) then insures that Q(h) = 0, since one generically has at the horizon 2F = 1/(R − h) + O(1). Now, the wormholes are actually the same solutions but obtained for special values of σ (given by Eq.(6.7)) for which the pole of F is canceled, and so the equation Q ′ = F Q ensures that Q is finite as R = h. From this viewpoint, wormholes can be viewed as the special case of black holes corresponding to the fine-tuned σ.
The bigravity black holes generically approach the AdS space [32] , but in exceptional cases, for specially adjusted values of σ (and for h > 0.86), they can be asymptotically flat [43] . For the wormholes the value of σ is already fixed by the condition of having a regular throat, so that one cannot further adjust it to fulfill the asymptotic flatness condition as well. Therefore, asymptotically flat wormholes are unlikely to exist.
The symmetric wormholes exist only in the bigravity and not in the massive gravity theory with a flat f-metric. Indeed, the flat f-metric requires that Y = 1, which is not compatible with the boundary condition expressed by (6.2). However, we have checked that in the massive gravity limit there are non-symmetric under r → −r wormhole-type solutions for which R develops a minimum, and even infinitely many minima.
